We give the complete list of 175 facets of the local polytope for the case where Alice and Bob each choose their measurements from a set of four binary outcome measurements. For each inequality we compute the maximum quantum violation for qubits, the resistance to noise, and the minimal detection efficiency required for closing the detection loophole with maximally entangled qubit states, in the case where both detectors have the same efficiency (symmetric case).
Introduction
Bell inequalities are central to the study of non-locality, but finding the complete list of Bell inequalities for a given Bell scenario can be a very difficult task [1] . A Bell scenario is specified by a number of measurement settings and a number of measurement outcomes for each party. In the case of two parties with two measurement choices each (the simplest case), there is only one Bell inequality, the Clauser-HorneShimony-Holt (CHSH) inequality [2] . The local polytope has two facets, CHSH and positivity. If one allows both parties to choose between three binary outcome measurements, there is only one new relevant inequality besides CHSH. For four settings on each side, the number of facet inequalities grows to 175, where 169 of these inequalities genuinely use the four settings. The complete list of inequalities has not been known until recently, thanks to the research behind [3, 4, 5] , but was never presented. Therefore one could find an almost complete list of the inequalities distributed in the literature. As a service to the community, we present the complete list in a single document. In addition, we study the basic quantum properties of these inequalities by computing the local and two-qubit quantum bounds, the state which attains the quantum bound, the resistance to noise for both the state that violates maximally the inequality and the maximally entangled state, and finally the minimum detector efficiency required to close the detection loophole assuming Alice and Bob's detectors have the same efficiency and the maximally entangled two-qubit state.
In Section 2, we review all Bell inequalities for scenarios with fewer binaryoutcome measurements. In Section 3 we describe the computation of the local and quantum bounds, the resistance to noise and minimal detection efficiency to close the detection loophole, and present the main results.
Review of all Bell inequalities with less settings
In any bipartite Bell scenario, the statistics are fully specified by the joint probability distribution p(ab|xy), where a, b and x, y are the outputs and inputs of Alice and Bob, respectively. For binary outcome scenarios XY22, where X is the number of settings of Alice and Y the number of settings of Bob, there are 4XY probability elements that specify p(ab|xy). Some of these elements are not necessary to fully specify the statistics though, as they are not independent of each other due to the normalization and non-signalling conditions. Taking these into account, one finds that there are only 4XY-XY-X(Y-1)-Y(X-1)=XY+X+Y independent probability elements. Therefore one can fully specify the statistics of a binary outcome Bell test using XY+X+Y elements, this is the idea behind the Collins-Gisin (CG) notation [6] . As we deal only with binary outcome measurement, in the rest of the paper we shall denote a XY22 scenario simply by XY.
Using the CG notation, the probability distributions of 22 are specified by a table with the following elements
where p A (a|x) and p B (b|y) are the marginals of Alice and Bob respectively. Such a table defines a joint probability distribution p(ab|xy). One can also describe an inequality using such a table, in this case each element of the table instead represents the coefficient that multiplies the probability element indicated in the probability table. We introduce coefficients for the joint probability distribution d xy , the marginals of Alice c x and those of Bob e y . In general, a Bell inequality for a XY scenario can be written as
In the 22 scenario the only relevant inequality is the CHSH inequality
As described in the introduction, even for the case of binary outcomes few is known. All tight Bell inequalities are known for the following cases: 22, X2 (X ≤ 3), 2 33 and 43 and 34. For the cases 22 and X2 (X ≤ 3), there is only one Bell inequality [6, 7] : the CHSH inequality.
The 33 scenario has one new inequality [6] ,
If Alice's third setting and Bob's first setting are not used, I 3322 reduces to CHSH. Therefore in terms of minimal detection efficiency (symmetric) to close the detection loophole, I 3322 and CHSH perform the same.
In the 34 scenario, there are three new inequivalent inequalities
The optimal settings for I (1) 3422 assuming the maximally entangled state are the same optimal settings of the Elegant Bell inequality [8, 9] . Alice's optimal settings are three orthogonal measurements X,Y and Z, while Bob's settings form the vertices of a regular tetrahedron on the Bloch sphere. With I (1) 3422 one can have a larger quantum violation using partially entangled two-qubit states. In this case, the optimal settings of Alice are still X,Y,Z, but Bob's settings become an irregular tetrahedron.
All the inequalities we present in this section can be lifted to the 44 scenario [10] , therefore we already know five inequalities of 44. These five liftings correspond to inequalities 1 to 5 in Table 1 . The first 31 inequalities of Table 1 are the 31 inequalities published in [3] , given in the same order. The list of coefficients in the CG notation for each inequality is provided separately as a file, and the inequalities are listed in it in the same order.
Bell inequalities with four settings for each party
We give the complete list of 175 facets of the local polytope in the case of four binary outcome measurements for both Alice and Bob. We present all the inequalities in a file, except the trivial one (positivity: p(ab|xy) ≥ 0 for all a, b, x, y), in the case of four outcomes for Alice and Bob. The main results are given in Table 1 . Along with each inequality, we provide the local bound L, quantum bound Q, the resistance to noise λ, and the minimal detection efficiency η required for closing the detection loophole in the symmetric case. Note that six of the 175 inequalities correspond to liftings: positivity, CHSH, I 3322 , I
(1) 3422 , I (2) 3422 and I (3) 3422 . Therefore there are 169 inequalities which use the four settings on both sides.
Quantum violation
The local bound L is computed by finding the optimal strategy using only shared randomness and local operations. Joint probability distributions p(ab|xy) which are local in this sense can be decomposed in the following way
where λ is the shared random variable and q(λ) is its probability distribution. The quantum bound Q gives the maximal quantum violation for a two-qubit pure entangled state of the form |ψ(θ) = cos θ|00 + sin θ|11
Note that we compute the maximal quantum bound for qubits. Nevertheless, it is known that using higher-dimensional states one can in some cases achieve a better quantum bound [11] .
We optimize over projective non-degenerate von Neumann measurements. Each measurement setting of Alice (Bob) is described by a vector a x ( b y ) on the Bloch sphere. One has
where
, and similarly for B y . All the inequalities for scenarios 22, 32, 23 and 33 are maximally violated by maximally entangled qubit states. This is not the case for scenarios 34 and 44, where the maximal violation can be given by a partially entangled state. In the 44 scenario, we find inequalities which are maximally violated by partially entangled states for non-degenerate measurements, which can be in some cases very far from the maximally entangled state. An example of such an inequality is facet number 15, which is maximally violated by the state ψ(θ max ) = 0.4018|00 + 0.9157|11
The violation is small compared to other inequalities of this table, and we see that the resistance to noise is bad. However, as described in [3] , using degenerate measurements this inequality (I 4 4422 in [3] ) is maximally violated by the maximally entangled state. Indeed using degenerate measurements this inequality becomes equivalent to CHSH.
Resistance to noise
Let |ψ be the state that maximally violates a specific bell inequality. Then the resistance to noise 1 − λ is defined as the amount of white noise that can be mixed with |ψ in order for the bell inequality not to be violated anymore.
The best bipartite inequality XY for X,Y ≤ 4 in terms of resistance to noise using qubits is by far CHSH.
Minimum detection efficiency for closing the detection loophole
There are different possible strategies to close the detection loophole. All of them involve preventing the attacker (Eve) from exploiting the non-detections. How should the experimenter handle a non-detection event? One possible strategy, which was implemented in [3] , is that Alice and Bob output a = 0 or b = 0 respectively, in order to deal with a non-detection. However, they could also output 1, giving four possibilities in total. We have also optimized the detection efficiencies over these no-click strategies. A Bell inequality with detector efficiency η for both Alice and Bob can be written [12] :
where M A is the value that the Bell inequality yields when only Alice's detector fires, M B is the bound when only Bob's detector fires and X accounts for when both detectors do not fire. We find that the smallest value for the symmetric detection efficiency using a maximally entangled two-qubit state is 82.14%, which is already the best result of [3] . This inequality, labeled A 5 in [3] , is number 8 on our table.
Correlation inequalities
In this section, we present the two inequalities of this list which can be cast into correlator-only form. A correlator E(x, y) is defined as
CHSH for example can be put into full-correlation form
where L and Q relate to the local and quantum bounds, respectively. We find that only three inequalities can be put into full-correlation form: inequalities 1 (CHSH), 10 and 11. Facet number 10 is the inequality named AS 1 in [3] , while facet number 11 is AS 2 . These inequalities are the only ones which can be put in full-correlation form for the 44 scenario, which confirms the result of D. Avis et al. [13] . 5 
Conclusion
We have studied the complete list of four binary-outcome settings Bell inequalities. We give the full list and a table with the local and quantum bounds of all inequalities, the two-qubit state that maximally violates each inequality, the resistance to noise and the minimal detection efficiency for maximally entangled qubit states to close the detection loophole in a Bell experiment where both detectors have the same efficiency. We find several inequalities which are maximally violated by partially entangled states, which is interesting for the study of nonlocality. It is also confirmed that the minimum detection efficiency is 82.14%, and is found for the inequality A 5 published in [3] .
Added note
While this article was being written, the complete list of inequalities was presented in [14] , although the inequalities were not studied. In order not to confuse readers, we have added the same name convention for the inequalities that is used in [14] . Table 1 : Quantum properties of all Bell inequalities with four binary-outcome settings for both parties. For each inequality we indicate the name under which they can be found in the literature, we give the quantum state that achieves the largest violation |ψ(θ max ) = cos θ max |00 + sin θ max |11 , and we give its resistance to noise λ. For the maximally entangled state, we provide the resistance to noise λ ME , as well as the detection efficiency η required to close the symmetric detection loophole. All quantities are computed for two-qubit systems and non-degenerate measurements. 
